In this paper we present empirical tests of an extended version of the Capital Asset Pricing Model that replaces the single period horizon with a probability distribution over different horizons. Adopting a simple parameterization of the probability distribution of the length of the horizon, we estimate the parameters of the distribution as well as the parameters of the CAPM. We find that the extended model is not rejected, and that the estimated stock turnover rate rises from 82.8% in the period 1926-62 to 266.4% in the period 1963-2009. We also find that long horizon betas are determined by identifiable firm characteristics as well as by short horizon betas JEL:
Introduction
The capital asset pricing model of Sharpe (1964) , Lintner (1965) and Mossin (1966) is the oldest and perhaps the most elegant and intuitive of the asset pricing paradigms. It is this intuitive elegance that has allowed the model to survive newer and more sophisticated paradigms in the classroom, the courtroom and the boardroom, 1 despite its perceived lack of empirical success and general rejection among academics. After early acceptance, 2 the model has come to be regarded by many academics as a useful classroom example that fails to capture the complexity of the real world relation between risk and return. Indeed rejection of the CAPM has become a touchstone for assessing the power of statistical tests of asset pricing models, and for empirical purposes the standard asset pricing paradigm has become the Fama-French three factor model which can be justified as a variant of either the ICAPM or Ross' Arbitrage Pricing Theory.
3 In this paper we show that the classical capital asset pricing model can be made empirically as well as theoretically relevant by a simple change in its assumptions. Instead of assuming a collection of mean-variance investors with a single horizon, we assume a single representative agent with mean variance preferences but with a stochastic horizon: this ensures that the agent is concerned with the distribution of wealth at several different future dates on which assets may be liquidated and returns realized. By parameterising the probability distribution of the liquidation date we are able to estimate the model parameters using a standard GMM approach. When the model is interpreted in terms of a stationary overlapping generations model of investors the probability distribution of liquidation dates yields an estimate of the implied stock turnover rate.
Since the CAPM is a single period model which does not specify the length of the time period or horizon for which the investor makes decisions, it is necessary to make some assumption about this for empirical purposes. The assumption of a stochastic horizon, which is critical to our analysis, contrasts with the usual assumption made in applying the single period CAPM, that the horizon is fixed and exogenous. In by far the majority of asset pricing tests the horizon is taken as one month and returns are measured over monthly intervals. This appears to have been essentially an accident of history, occasioned by the monthly data that were made available in the first CRSP tapes. By the time that daily data became available it was realized that the theoretical advantages associated with the use of high frequency data are more than offset by the difficulties of measuring first and second moments with high frequency data due to non-synchronous trading, bid-ask spreads and other micro-structure related phenomena.
If security returns are distributed iid then the expected n period (one plus) rate of return will be equal to the n th power of the expected 1 period rate of return. However, as Levhari and Levi (1977) showed, the relation between betas measured over one period and betas measured over longer intervals is more complex, and if returns are not serially independent then the length of the period becomes critical to the measurement of both returns and betas and therefore to the relation between them that is implied by the CAPM. In this paper, by parameterising the probability distribution of the length of the horizon, we allow the data to reveal the horizon or the distribution of horizons over which the model holds.
We are by no means the first to consider the effect of the time interval over which returns are measured on the fit of the CAPM. As long ago as 1977 Levhari and Levy complained that in various empirical tests of the CAPM the investment horizon (return interval) was selected arbitrarily. They showed that if returns are serially independent and homoscedastic then the beta coefficient computed using n period returns will differ systematically from that computed using m period returns and this will affect tests of the CAPM. 4 This result was generalised by Longstaff (1989) who also showed that the continuous time CAPM becomes a multi-factor model when discrete period returns are used if there is time variation in expected returns and risk. Lee (1976) considered a generalization of the CAPM to a single but unknown investment horizon under the assumption that periodic returns were serially independent, and showed how to estimate the horizon. Lee et al. (1990) develop a model in which returns are iid but investors have different horizons.
In a paper that is close in spirit to this, Handa et al. (1993) show that while the standard CAPM is rejected using monthly returns on size ranked portfolios, it is not rejected by a standard 4 If m > n and βn > 1(< 1), then βm > (<)βn. See also Hawawini (1983) .
2 F-test when annual returns on the same portfolios are used. 5 Kothari et al. (1995) provide further evidence of a statistically significant risk premium associated with beta when annual data is used to compute beta. Finally, Jagannathan and Wang (2007) show that the Consumption CAPM explains the returns on 25 Fama-French size and book to market portfolios as well as does the FF three factor model, when returns are measured on a calendar year basis. They motivate the calendar year assumption by the observation that many decisions are made at the end of the year because of Christmas, bonuses, and end-of-year capital gains tax considerations. This paper differs from these papers by allowing the data themselves to determine the appropriate length of the period for the CAPM relation to hold, rather than specifying it a priori.
In recent unpublished work Beber et al. (2011) develop a model in which investors have mean variance utility functions and heterogeneous horizons and there are stochastic transaction costs, but the focus of their paper is on transaction costs and the clientele effects that develop when investors have different horizons. Kamara et al. (2012) argue that there are long and short horizon risk factors arising from the different autocorrelation properties of the factors. They find evidence that the long horizon factors (which include the market return) are priced when betas are estimated using annual returns, but not when using monthly returns.
The model in this paper is similar to that of Beber et al. (2011) in that it allows for heterogeneous investor liquidation dates, but unlike their model ours assumes that all investors are ex-ante identical and are subject to stochastic liquidation. Their model assumes that returns are iid, and ours does not impose this assumption. Finally, while these authors consider only investors with horizons of 1 month and 20 years, we are able to consider multiple horizons. When we interpret the model as an overlapping generations model with a continuum of investors we are able to calculate the share turnover rate implied by the model parameters.
In Section 2 we motivate our approach by showing how measured returns and betas vary systematically with the length of the return interval, and with the characteristics of the underlying firms. In Section 3 we show how the length of the return interval affects tests of the CAPM. In
Section 4 we present our simple version of the CAPM with stochastic liquidation. In Section 5
we report the empirical results of tests of the model and estimate the distribution of liquidation dates. Section 6 concludes. For most of our results, we rely on the Fama-French size and bookto-market sorted portfolios as our test assets since these have become almost canonical in tests 5 See also Handa, et al. (1989) of asset pricing models. However, we also present results for the Fama-French industry portfolios both for robustness and because differences in costs of capital across industries are likely to be more important for capital allocation than differences across Size and Book-to-market sorted portfolios since small Size and high Book-to-Market are typically transient firm characteristics.
2 Returns, betas, and the measurement interval
In this section we show first how average returns and betas vary empirically with the length of the return interval, and then relate the variation of beta with the horizon to firm and portfolio characteristics.
Horizon effects for the Fama-French portfolios
We motivate our analysis by showing first how mean returns and betas on the Fama-French Size and Book-to-market sorted portfolios are both affected by the choice of time interval over which returns are measured. The τ month return starting in month t, R τ t , is defined by compounding the one month returns, R t :
For each of the 25 Size and Book-to-market sorted Fama-French portfolios, τ month betas, β τ j , j = 1, · · · , 25, were estimated by Ordinary Least Squares for τ = 3, 6, 9, · · · , 24 months using overlapping monthly observations for the period January 1926 to December 2009. The estimation equation using τ month returns is:
where R τ m,t is the τ month return on the market portfolio starting in month t.
Panel A of Table 1 reports for each of the 25 portfolios the 1 month betas and the ratio of the τ month beta to the 1 month beta for each τ . If the betas were independent of the return interval the entries after the 1-month beta would all be equal to unity. Instead, we see that there is a tendency for the betas to rise with the return interval. However, this effect is not the same for all portfolios. For the 3 and 12 month return intervals for example, there is a clear tendency for the betas of high book to market portfolios to be high relative to the 1 month betas, and this effect is concentrated in the small firm portfolios and to a lesser extent in the large firm portfolios; it is much less pronounced for the medium size firm portfolios. 6 In contrast, for the 24 month return interval there is a clear tendency for the betas of low book to market firm portfolios to be below their 1 month equivalents, and this is most pronounced for the small firm portfolios. In some cases these effects are very large. For example, the beta of the small low book to market firm portfolio declines by 10% (25%) relative to the 1 month value as the return interval is increased to 12 (24) months. In contrast, the beta of the small high book to market firm portfolio increases by 26%
(18%) as the return interval is increased from 1 month to 12 (24) months.
However, it is possible that the variation in betas with the horizon is due mainly to sampling variation. To assess this, the distribution of the ratio of τ month betas to one month betas was bootstrapped from 10,000 samples generated by sampling at random from the joint vectors of monthly market and portfolio returns. By construction, these generated samples will be serially independent. For each sample, betas were estimated for all horizons and the ratios to the one month betas computed. Panel A of Table 2 reports the 10 th , 50 th , and 90 th percentiles of the bootstrapped distribution of the ratios of τ month betas to one month betas. The medians of the bootstrapped ratios tend to be close to unity for up to 6 months and almost all the 3-month empirical ratios and about half of the 6-month empirical ratios are outside the 10 th and 90 th percentiles of the bootstrapped distribution. For longer horizons the sampling variability disguises any systematic variation in betas with the length of the horizon. The fact that sampling variability alone can cause large variation in beta estimates with the horizon means that it is important in our empirical tests of the CAPM to allow for errors in the estimation of betas. We shall do this within a GMM framework.
It follows from the definition of the τ month return that, if 1 period returns are independent, then the expected one plus τ period return is equal to the expected one plus 1 period return raised
6 Longstaff (1989) shows that the ranking of betas for different firms may reverse as a function of the interval over which returns are measured. 5 to the power τ :
Raising both sides of the equation to the power 12/τ , this implies that the annualized expected τ month return is given by:
so that the annualized expected return is independent of the return interval, τ , and the ratio of the annualized expected τ -month return to the annualized expected 1-month return is equal to unity.
It is natural to consider the sample equivalent of relation (1) by comparing the annualized average τ -month return to the annualized average 1-month return. The average τ month return
The annualized average τ month return, aRτ , is defined by 1 + aRτ ≡ (1 +R τ ) (12/τ ) . Table 1 reports the annualized average of the 1-month returns for the 25 portfolios, and the ratios of the annualized average τ -month returns to the annualized averages of the 1-month returns. Panel B of Table 2 reports statistics from the bootstrapped distribution of this ratio. The medians of the bootstrapped ratios, which are calculated from serially independent returns, are almost all very close to unity. In contrast, the empirical ratios tend to be above unity for the 6 month horizon and even more so for the 3 month horizon. Almost all of the ratios for the 3-month horizon are greater than the 90 th percentile of the bootstrapped distribution which is consistent with positive short run auto-correlation in portfolio returns. For longer return intervals the ratios of the annualized average returns tend to be closer to unity and are well within the range of sampling variability.
Panel B of

Determinants of relative betas for different horizons
Betas that are calculated for the same security using different return intervals may differ for at least three reasons in addition to sampling variability. First, even if returns are independently and identically distributed over time, the multiplicative relation between n-period returns and 1-period 6 returns implies a complex relation between 1-period betas, β 1 , and n-period betas, β n . Levhari and Levy (1977) show that if the CAPM holds over either 1 period or n periods, β n will exceed (be less than) β 1 if and only if β 1 is greater (less) than unity.
The second reason, identified by Dimson (1979) and Scholes and Williams (1977) , is purely empirical: betas that are estimated using short horizon data may be biased due to thin trading which causes the observed (closing) prices of the security and the market portfolio to be nonsynchronous. Since the (value-weighted) market portfolio consists mainly of the frequently traded stocks of large companies, the effect is typically to bias down the betas of small stocks that are infrequently traded.
The third reason for differences between betas calculated using long and short period returns is that there are systematic differences across firms in the timing of information release and in the speed of adjustment of stock prices to market-wide information that give rise to complex patterns of cross-temporal covariances and thereby affect betas calculated over different return intervals. Lo and Mackinlay (1990) show that the returns on large firm stocks lead the returns on small firm stocks, and Brennan et al. (1993) show that the speed of adjustment to market-wide information depends also on the number of analysts following the stock holding firm size constant.
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To confirm that there are differences in betas at different horizons due to differences in the fundamental characteristics of stocks we estimate each year from 1969 to 2010 for all common stocks (firms with share code 10 or 11 and stock price higher than 5) on the CRSP tape with at least 36 monthly returns over the past 5 years, a 1 month beta, a 6 month beta, and a 12 month beta using compounded overlapping returns over the past 60 months. For each firm the ratio of the two long horizon betas to the 1 month beta is calculated and regressed on a set of regressors that are chosen to capture delays and time-variation in the rate of information release. The first regressor is firm Size which is the market value of the equity: we expect that the long horizon beta ratios will be declining in firm size because of the evidence cited above that large firms release more timely information. 8 The second regressor is the Book-to-market ratio: we hypothesize that the ratios of long to short return interval betas will be declining in the Book-to-market ratio because the news about value firms is primarily about current cash flows and we expect this to become available to the market is a relatively continuous fashion, whereas the news about growth firms is primarily about the development of new growth opportunities and we expect this to be relatively lumpy.
Both Size and Book-to-market ratio are measured at the end of the last fiscal year. The third variable is the Seasonality of earnings. We anticipate that firms whose earnings are more seasonal will have seasonal patterns in information release that will increase the ratio of long horizon to short horizon betas. Seasonality is measured by the average over the past 5 years of the ratio of the highest quarterly earnings per share for each year to the average quarterly earnings per share for that year. The fourth variable, following Brennan et al. (1993) , is the number of analysts following the firm, which is given by the number of analysts issuing one year earnings forecasts in the previous year from IBES. These variables are subjected to a logarithmic transformation. To take account of the 'mechanical' tendency of 1 month betas to increase (decrease) with the return horizon if the 1 month is greater (smaller) than unity discussed by Levhari-Levi (1977) , we include the estimated 1 month beta. This requires two adjustments. First, the Levhari-Levi effect is non-linear since it predicts that long period betas will exceed (fall short of) short period betas if the beta is greater than unity. Therefore, in addition to including an estimate of β 1 , we include a linear function of the estimated β 1 when this exceeds unity,
that the coefficient of the 1 month beta will be negative, while the coefficient of the truncated β 1 variable will be positive. Secondly, it is necessary to take account of the fact that β 1 is measured with error since this will induce spurious correlation with the dependent variable, the ratio of β n to β 1 . Therefore we instrument the estimate of the β 1 regressor using firm Size, Book-to-market ratio, book leverage and monthly volatility estimated over the past 5 years.
Each year from 1969 to 2010, 9 the ratios of estimated betas,β 6 /β 1 andβ 12 /β 1 , are regressed on the independent variables described above. Following Fama and MacBeth (1973) , the coefficients of the cross-section regressions are averaged over time, and standard errors are computed adjusting for serial correlation in the annual coefficient estimates. The results, which are reported in Table   3 , show a strong Size effect which is consistent with the prior studies cited above: the betas of large firms tend to increase with the horizon at a slower rate than do the betas of small firms.
The Book-to-market effect is negative in all the regressions but is not significant until Analysts is introduced: however, the introduction of this and other variables does not have a dramatic effect on the coefficient of Book-to-market. Considering these two variables alone, we see that they imply that Large size firms and V alue firms will have relatively less systematic risk when their risk is 9 When the number of analysts is included in the regression the sample starts in 1984.
8 measured at long horizons. Thus, if the 'true' horizon is, for example, one year, then measuring risk and return at the one month horizon will tend to understate the risk of small firms and growth firms since their 12-month betas tend to be greater than their 1-month betas: this is consistent with the apparent outperformance of small firms relative to standard CAPM benchmarks that measure risk at the 1-month horizon, but is inconsistent with the apparent outperformance of value firms. 10
The coefficients of the other variables are consistent with the discussion above. The betas of firms with seasonal earnings tend to increase as the horizon is extended, and the effect for the 12-month beta ratio is about twice as large as for the 6-month beta ratio. We also find that the more analysts that follow the firm, the smaller is the change in beta as the return horizon is extended. Table 4 reports the results of similar regressions in which the dependent variable is the 12-month beta and the independent variables are the firm characteristics, Size and Book-to-market and the betas with respect to the Fama-French HML and SMB factors, as well as the one month beta.
Panel A reports the results for regressions using individual securities. 11 The first regression shows that Size and Book-to-market are significant determinants of the 12-month beta after allowing for the effect of the 1-month beta, and the sign of the coefficients of these variables are consistent with the sign of the coefficients in Table 3 : Small and High Book-to-market firms have low 12-month betas given their 1-month betas. The second regression shows a modest increase in explanatory power when the SMB and HML betas are substituted for these firm characteristics, and the coefficients of these betas are consistent with the coefficients of the corresponding physical characteristics.
Panel B reports for the 25 Fama-French portfolios the results of regressing the 12-month beta on the Fama-French HML and SMB betas as well asβ 1 . Note that while the positive coefficient of β SM B is consistent with the negative coefficient of Size in Panel A and Table 3 (small firms have lower 12-month betas), the positive coefficient of β HM L is inconsistent with the negative coefficient on Book-to-market in Panel A and Table 3 . The third column shows that the SMB and HML betas alone explain over 90% of the variance of the 12-month betas. The fifth column shows that the coefficient ofβ 1 is insignificant in the presence of the SMB and HML betas, so that the 12-month betas for these portfolios are close to being spanned by the HML and SMB betas, and inclusion of the 1-month beta does not improve the spanning. This implies that if the CAPM held with a 12-month horizon, then we would expect to find that 12-month average returns would also be well 10 However, see the discussion of Panel B of Table 4 below. 11 Similar results are obtained if the one month beta is instrumented.
9 explained by the Fama-French model loadings on SMB and HML estimated from monthly data.
Moreover, we would expect the coefficients of both SMB and HML betas to be positive as in fact they are. Whether these betas would also explain the cross-section of 1-month average returns would depend on the relation between 1-month and 12-month average returns.
3 A preliminary analysis of the effects of the return interval on capital asset pricing
We have seen that the interval over which returns are measured has large effects on both the annualized return on a portfolio of stocks and on its measured beta coefficient, and that these effects vary across portfolios. In other words, the return interval affects both the left and right hand sides of standard CAPM regressions and therefore presumably affects the fit of the regression.
To illustrate this phenomenon and to assess its potential importance, Panel A of Table 5 reports the results of ordinary least squares cross section regressions of average portfolio excess returns on betas for the period January 1926 to December 2009 from the equation:
and Figure 1 plots annualized monthly returns and annual returns against the predicted returns from regressions that use either annualized monthly returns or annual returns, and betas calculated from either monthly returns or annual returns.
In the first row of Panel A both average returns and betas are calculated from 1 month returns:
the R 2 is less than 10%. The regression slope and the mean absolute error from the regression are annualized by multiplying by 12. The annualized slope is 5.2% and the mean absolute error is 2.6%
per annum. The intercept is 4.0% per annum. These estimates are typical of CAPM estimates for similar sample periods.
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In the second row the dependent variable remains the average monthly return but the independent variable is now the annual beta, obtained by regressing overlapping 12 month compounded returns on the corresponding market return. Replacing the monthly beta by the 12 Fama and French (1992) , Kothari et al. (1995) .
annual beta raises the R 2 of the cross section regression to 48.4% and the annualized mean absolute error falls to 1.5%. It is clear that the returns line up much more closely with the annual betas than they do with the monthly betas. Moreover the intercept is now only 0.3% per annum. 13
In the third row average 12 month returns are regressed on the monthly betas. Now the R 2 is 13.0% and the mean absolute error is 2.7% which is similar to the results we obtained with monthly returns and monthly betas. Thus the monthly cross section regression in Panel A is greatly improved by substituting annual betas for monthly betas, while substituting annual returns for monthly returns makes relatively little difference. In the fourth row we report the results of regressing average annual returns on annual betas. Now the R 2 is 56% and the market price of risk is 10.2%. The intercept is only -1.7% per annum, and the mean absolute error is now only 1.7%
per annum. Figure 1 shows why the annual betas perform so much better than the monthly betas: there is insufficient variation across portfolios in the monthly betas and therefore the predicted returns.
The standard deviation of the annual betas is 1.8 times as large as that of the monthly betas. In addition, the correlation between the actual and predicted returns is much higher when annual betas are used; for monthly (annual) returns the correlation increases from 0.30 to 0.72 (0.35 to 0.78) when the prediction is based on annual rather than monthly betas.
While these simple OLS regressions do not allow us to draw strong conclusions because the OLS assumptions are not satisfied, they do illustrate in dramatic fashion that the return interval for the purposes of both measuring mean returns and estimating betas makes a very large difference to the relation between realized average returns and measured betas.
We construct bootstrapped samples in order to assess the importance of the serial dependence structure of returns on the cross-sectional return-risk relation at different horizons. Specifically, we generate 10,000 data samples from the joint time series of market and portfolio returns by sampling randomly from the vector of joint returns: this approach maintains the cross sectional covariance properties of the data while ensuring that there is no time series dependence within the generated samples. For each generated sample we estimate the parameters (a, λ) and calculate the resulting R 2 . The p-values which are reported in brackets are the proportion of the generated samples in which the estimated parameter exceeds that calculated from the sample data. A low p-value suggests that the parameter estimates are inconsistent with the assumption of serially
13 Kothari et al. (1995) also regress monthly returns on annual betas and report significant slope coefficients.
independent returns, given the means and the cross-sectional moments of the joint distribution of monthly returns. Not surprisingly the p-values for the first regression which uses only monthly data are close to 50%, since for this regression the temporal ordering of the sample data makes no difference to the parameter estimates. For the other regressions the temporal ordering of the monthly returns will be important if the returns are serially dependent. The p-values for the R 2 statistic are below 0.5 for the other regressions which involve either annual returns or annual betas. When annual returns are regressed on monthly betas the p-value drops to 0.43, less than 0.5 but not greatly less. However, when the independent variable is the annual beta the p-values are only 0.11 and 0.07, so that it is quite unlikely that the observed risk-return relations could have been generated by monthly returns with the same joint distribution if the returns were serially independent. Therefore the serial dependence of monthly returns must be taken into account in assessing risk-return relations, and this can only be done by considering returns measured over longer horizons than one month.
As a more formal illustration of the effect of the return interval, we test the first order condition of a representative agent who has a quadratic utility function and a τ month horizon, and does not rebalance his portfolio. Let U τ (W ) be his utility of wealth if the horizon is τ months.
Denote his initial wealth by W 0 , and suppose that he can invest in N risky assets as well as a risk free asset. Let R τ j denote the return on risky asset j if held for τ periods, and similarly let R τ F denote the return on the risk free asset if held for τ periods. Then the investor's objective function may be written as:
where x j , (j = 1, · · · , N ) is the fraction of wealth allocated to security j, and E τ denotes expectations over the τ period distribution of returns. The first order condition for an optimum in (1) is:
where
. If the utility function U τ () is quadratic, then the marginal utility will be a linear function of the return on the investor's portfolio which, since he is a representative investor, will be the market portfolio, so that the FOC (2) may be written as:
where b τ > 0. We estimate equation (3) by GMM for different return intervals using the returns on the 25 FF portfolios for the period January 1926 to December 2009, and for two subperiods. The market portfolio is the CRSP value weighted portfolio and the risk free rate is the (compounded)
one-month T-bill rate. In Panel A of Table 6 we report the parameter estimates and tests of the over-identifying restrictions for selected return intervals of 1 to 24 months. The over-identifying restrictions imposed by the CAPM are rejected (accepted) at the 5% level for all horizons less (more) than 10 months for the whole sample period and for less (more) than 4 and 6 months for There is a clear tendency for the pricing errors to decrease with the horizon -the root mean square pricing error is 3% at the one month horizon and achieves a minimum of 2.2% at the twelve month horizon. Generally the pricing errors of the low book-to-market portfolios increase (in magnitude)
as the horizon increases while those of the high book-to-market portfolios decrease.
We have seen that our conclusions about the empirical validity of the simple CAPM rest heavily on what we assume about the appropriate interval over which returns are measured. In the following section we introduce a simple model that allows for different investment horizons.
4 Asset Pricing with Stochastic Liquidation
Consider a representative investor who trades only to meet stochastic liquidation needs. We assume for simplicity that if any of the portfolio is to be liquidated, then the whole portfolio will be liquidated. Let π τ be the probability that he is forced to liquidate at the end of τ periods, and let U τ (W ) be his utility of wealth if the liquidation takes place at the end of period τ . Then, assuming that the latest liquidation date is τ * , the investor's objective function may be written:
where x j , (j = 1, · · · , N ) is the fraction of wealth allocated to security j. The first order condition for an optimum in (4) is:
Such a representative agent economy can be sustained by a stationary overlapping generations exchange economy with a continuum of identical investors, each of whom is subject to stochastic liquidation. If there are n generations of investors in the market in the steady state, (1/n) th of the market will be liquidated each period and will be purchased by the new generation of investors, each of whom will maximize an objective function (4).
If the utility functions U τ () are quadratic, then the marginal utility will be a linear function of the return on the investor's portfolio which, since he is a representative investor, will be the market portfolio, so that the FOC (5) can be written as:
b τ > 0. Equation (6) nests as special cases discrete time versions of the CAPM with different trading intervals. For example, πτ = 1, π τ = 0, for τ =τ implies that the CAPM holds with â τ period trading interval. Equation (6) suggests that if investors trade only infrequently then the simple CAPM will hold for a long holding interval, τ . In general, equation (6) represents a weighted of average of different versions of the CAPM which differ only in the definition of the holding period.
Of course it is possible that the distribution of holding periods will differ for different securities; for example, Amihud and Mendelson (1986) suggest that securities with higher transactions costs will be held by investors with longer trading horizons. However, the assumption of different liquidation probabilities for different securities would complicate our model considerably. For example, if the whole of the portfolio is not liquidated at time τ then the notion of the marginal utility of wealth at time τ becomes problematic. For this reason we stick with the simple formulation (6).
Using the definition of covariance, equation (6) may be written as:
Or,
is the marginal utility of wealth in the event of liquidation at time τ , π * τ > 0 is the marginal utility of wealth weighted probability of liquidation at time τ . Then
Thus, the CAPM with stochastic liquidation leads to an equilibrium condition that expresses the sum of expected excess returns for different horizons weighted by the marginal utility of wealth weighted probability as the same probability weighted sum of betas times the market risk premium for each horizon. In what follows we shall assume that the expected marginal utility of wealth is the same for each possible liquidation date. Then π * t ≡ π t , and the model also has implications for share turnover rates if we interpret it in terms of an overlapping generations economy with a continuum of investors: we shall explore this in the following section.
Turnover in an overlapping generations economy
Consider a steady state overlapping generations economy with a continuum of identical investors, each of whom maximizes an objective function of the form (4). Denote by x the (τ * x1) vector of the mass of investors liquidating τ periods in the future, τ = 1, · · · , τ * , by µ the mass of investors liquidating and entering the market each period, and let π denote the (τ * x1) vector with typical element π τ . Then the steady state vector of horizon proportions, x must satisfy:
where the (τ * xτ * ) matrix A is given by:
Carrying out the inversion, the i th element of the vector x is given by x i = Σ τ * k=i π k . Then the Turnover per period, T O, is given by the proportion of investors who liquidate in the current period, which is the ratio of x 1 = Σ τ * k=1 π k = 1 to j x:
We shall use equation (13) to calculate turnover rates from our estimates of the π vector.
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Estimation and test of an asset pricing model with stochastic liquidation
The moment condition corresponding to equation (6) can be written as:
where φ τ = τ π τ and τ * is the longest possible liquidation horizon. We write the moment condition in the form (14) so that the returns are all expressed on a monthly basis after the division by τ . We refer to φ τ as the horizon weight to distinguish it from the probability weight, π τ . In order to specify the horizon weights, φ τ , flexibly and parsimoniously, we follow Ghysels, Santa-Clara and
Valkanov (2006) and define,
where In order to limit the number of parameters to be estimated, we set τ * = 24, allow for only 7 possible liquidation dates, 1, 4, 8, 12, 16, 20 and 24 months, and set the market risk aversion parameters, b τ , equal to a constant, b, for all horizons.
Define h(x t , θ) as an N x1 vector, with j th element:
where θ is a vector of parameters (γ 1 , γ 2 , b), and x t is the vector of market, portfolio, and risk free returns starting at time t: (R 1 j,t , R τ j,t , j = 1, ..N, R 1 m,t , R τ m,t , R 1 F,t , R τ F,t ).
Define the N × 1 vector:
The parameters θ are chosen to minimize the weighted sum of squared pricing errors given by the quadratic form g T (θ) W g T (θ) where W is a N × N weighting matrix: the identity matrix in the first step, and inverse of the variance-covariance matrix in the second step.
∂θ . Then
The sample variance-covariance ( S) is calculated following Newey-West to take account of autocorrelations in long horizon returns. It is
where u t ≡ h(x t , θ) is the vector of pricing errors. We set the number of lags, k, equal to 30. 14 To test the over-identifying restrictions, we compute the J-statistic,
which follows a χ 2 distribution with degrees of freedom equal of the number of over-identifying restrictions, (N − 3).
The estimation results are presented in Panel A of reports the probability weights, π τ , which are shown graphically in Panel A of Figure 2 , as well as the implied average horizon and turnover rate calculated from equation (13). We note first that the model, which has only three free parameters, is not rejected either for the full sample period or for either of the two subperiods by the standard J-statistic, although the p-value for the second half of the sample period is only 0.10. Secondly, a likelihood ratio test is unable to reject the hypothesis of equality of the risk aversion parameter, b τ across horizons for the whole sample period, and for the first half: the test statistic for the second half of the sample period is at the margin of significance.
The risk aversion parameter, b, which is highly significant, increases from 1.69 in the first half of the sample period to 2.06 in the second half: the full sample estimate is 1.57.
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Both parameters of the weighting function are highly significant for all three sample periods.
For all three sample periods the estimated probability of liquidation after 24 months is zero, providing assurance that our arbitrary 24 month cutoff is not binding. Most significantly, as seen in Panel C, the estimated probability weighting system assigns zero probability to a liquidation at the one month horizon for either the whole sample or for the first half, and the estimated probability of a liquidation at the 4 month horizon is less than 4% in the full sample. In the first half of the sample period the probability of liquidation is zero for 1,4, and 8 month horizons. In the second half of the sample period the probability of a liquidation after one month rises to 68.0% and after 4 months to 23.3%. In the first half of the sample period the modal liquidation horizon is 16 months; this falls to 1 month in the second half, and for the whole sample period the modal liquidation horizon is 12 months. The probability weighted number of months to liquidation is 16.7 in the first half of the sample, 2.4 in the second half and 12.1 for the whole period. The implied annual turnover rate rises from 58.0% in the first half of the sample period to 209.6% in the second half,, and for the whole sample is 74.3%. This reduction in the expected holding period and increase in turnover rate is consistent with casual empiricism which shows that turnover rates have increased, particularly since the abandonment of fixed commissions in May 1975. Table 9 reports the estimated average time to liquidation from the model fit for different 20 year subperiods along the implied turnover rate and the corresponding estimate of the average turnover rate of NYSE stocks, which is obtained by averaging the annual turnover rate during the subperiods. The estimated turnover rate is around 3.5 times as great as the estimated average turnover rate of NYSE stocks, and the correlation between the two series is 0.95.
Panel A of Figure 3 plots the estimated horizon weighted average excess returns,
, against the estimated horizon weighted expected returns from the model,
With the exception of the smallest and second smallest firm low book-to-market portfolios, the points cluster fairly tightly about the line implied by the theoretical relation. The correlation between the horizon weighted average excess returns and the horizon weighted predicted excess returns is 0.81. This rises to 0.90 when the small firm low book-tomarket portfolio is excluded. 16 To assess the importance of the serial dependence structure of returns for these results, the parameters were estimated from 10,000 samples obtained by sampling randomly from the joint vector of market and portfolio returns so as to preserve the cross sectional dependence of returns, while eliminating any serial dependence. Statistics from these bootstrapped full sample regressions are reported in Panel D of Table 8 . The sample estimates of the 1 and 4 month horizon weights for the full sample period fall far below the 1 st percentile of the bootstrapped regression estimates while the estimated weights for the 8-24 month horizons fall far above the 99 th percentile of the bootstrapped estimates. Moreover, the sample J − statistic of 28.1 is close to the 2.5 percentile of the bootstrapped statistics. That is, the success of the model in pricing the 25 portfolios is highly dependent on the serial dependence structure of returns, which of course is not taken into account in standard asset pricing tests that use only monthly returns.
6 Further tests Kothari et al. (1995) have suggested that COMPUSTAT selection biases 17 lead to an upward bias to the measured returns on firms with high book-to-market ratios. Furthermore, firms in the high book-to-market category are more likely to be past 'losers' and to have unusually high returns because of the reversal effect. 18 To mitigate these problems the Size and Book-to-market portfolios 16 As Campbell and Vuolteenaho (2003) remark, 'this small growth portfolio is well known to present a particular challenge to asset pricing models, for example the 3 factor model of Fama and French (1993) which does not fit this portfolio well.'
17 In particular, in 1978 the database was more than doubled in size, and up to five years of past data were added for these firms, creating a survivorship bias which is likely to lead to an overstatement of mean returns on portfolios of firms with relatively low probabilities of survival and high book-to-market ratios. In addition, firms that become financially distressed are likely to be deleted from the database before they are delisted and, in the event they recover, the past data are filled in, creating an upward bias for measured returns on distressed firms. (See also Alford et al. (1994) .)
18 Jegadeesh and Titman (1993) .
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were re-formed using lagged balance sheet data to determine the portfolio allocations. This should eliminate the short run reversal effect and, when longer lags are used, eliminate also the back-filling bias. Five lags from one to five years relative to the Fama-French lag of 6 months were used. Table   10 reports the pricing errors for the 25 portfolios for the different lags, as well as the J-statistic for the model. As anticipated, the pricing errors tend to get smaller as the lag used for the portfolio formation increases; for example, for the small low book-to-market portfolio the annualized pricing error shrinks from 4.8% for the original portfolios to 2.9% when the portfolio formation lag is increased to 5 years. Similarly, the root mean square pricing error shrinks from 3.3% to 1.9%.
The J-statistic also decreases from 29.53 to 10.46 and the p-value increases as the lag is increased, suggesting that model deviations for these portfolios are related to transient rather than permanent firm characteristics, which is consistent with the literature on investor over-reaction. Figure 2 shows the estimated probability distribution of liquidation horizons. The risk aversion coefficient and the parameters of the weighting function are highly significant in all three sample periods, the J-statistics are well within the acceptance region, and the estimated average liquidation horizon decreases from 10.0 to 7.5 months between the two sample subperiods. However, the magnitude of the risk aversion coefficient is in excess of 4
for both the whole sample period and the second half, which is well above the value of 1.6 obtained using the FF25 portfolios. Table 12 reports parameter estimates from fitting the model to the combined set of 55 industry and size and book-to-market sorted portfolios, and Panel C of Figure 2 shows the implied probability distribution over horizons. The risk aversion coefficient is significant for all three subperiods and is in the range 1.3−2.3; the J-statistic is far from the rejection region and the average horizon declines 
Conclusion
In this paper we have shown that the monthly returns on the 25 Fama-French portfolios are not serially independent and that this has major consequences for tests of the CAPM. Measured average returns and portfolio betas, and the relation between them, are all strongly affected by the length of the period over which returns are measured. We show that the ratio of long-horizon (12-month)
betas to short-horizon (1-month) betas depends on such firm characteristics as the number of analysts following the firm and the seasonality of earnings, as well as firm size and book-to-market ratio. We also find for the Fama-French Size and Boo-to-Market portfolios that the 12 month beta is significantly related to the SM B and HM L betas but is not significantly related to the one month market beta, given the other two betas. This raises the possibility that the empirical success of the Fama-French 3-factor model is due to its ability to capture the long-horizon risk characteristics of the portfolios.
Using returns on the Fama-French Size and Book-to-Market sorted portfolios from 1926 to 2009, we show the simple CAPM is rejected at the 5% level for all return horizons less than 11 months, but is not rejected at longer horizons. We develop an extended version of the CAPM with a representative investor who has a stochastic horizon or liquidation date. This gives rise to a relation between a probability weighted sum of expected returns over different horizons, and the same probability weighted sum of betas times market risk premia for the corresponding horizons.
When we parameterize the probability weighting function we find that the modified asset pricing model, which has only three parameters, is not rejected at conventional significance levels for either the whole sample period or for the two halves of the period. The correlation between the horizon weighted average excess returns and the horizon weighted predicted excess return is 0.81, and the correlation rises to 0.90 when the small firm low book-to-market portfolio is excluded. We also find that the pricing errors of the model are reduced when the Fama-French portfolios are replaced by portfolios formed on the basis of lagged firm characteristics: in particular, the pricing error of the small firm low book-to-market portfolio falls from 4.8% p.a. to only 1.3% p.a. when the portfolios are formed using data lagged by 3 years.
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The model is also not rejected when it is fit to returns on 30 industry portfolios, or to the 55 portfolios that include both the Size and Book-to-market portfolios and we cannot reject the null that the model parameters are the same across the two sets of portfolios.
Using returns on the 25 Size and Book-to-market portfolios, the estimated probability of liquidation function implies that for the whole sample period as well as for the first half of the sample there is a zero probability of liquidation after one month. This contrasts with the implicit assumption made in the majority of conventional tests of asset pricing models that the probability of liquidation after one month is 100%. In the second half of the sample the probability of a liquidation after one month rises to 68%. The probability weighted number of months to liquidation is 12.1 in the first half of the sample, 2.4 in the second half and 12.1 for the whole sample period. The reduction in the average liquidation horizon is consistent with the reduction in trading commissions and the increase in turnover that has followed the abandonment of fixed brokerage commissions in 1975 and the further development of competition in trading securities.
The model that we have developed and tested is extremely simple. It assumes that all the assets in the representative investor's portfolio are liquidated at the same time time. A more realistic model would allow for the fact that, as Amihud and Mendelson (1986) have pointed out, investors with short horizons (high probabilities of liquidation) will be likely to hold more liquid securities, while investors with longer horizons will be likely to hold the more illiquid securities. It is beyond the scope of this paper to explore these interesting extensions which are left for future work. Some progress has been made in the paper by Beber et al. cited above, but at the expense of assuming that returns are iid. The focus of this paper has been on exploring the implications of non-iid returns.
23 Table 1 : The effect of the return interval on estimates of betas and mean returns for the Fama-French 25 portfolios
Panel A shows the ratio of the betas estimated using τ month returns to those estimated using 1 month returns where the τ month beta, β τ j , is estimated using monthly overlapping observations from the equation:
where R τ j,t = Π k=τ −1 k=0
(1 + Rj,t+k) − 1 and the τ month market return, R τ m,t is similarly defined. Panel B shows the ratio of the mean annualized returns using a τ month return interval to the mean annualized returns using a 1 month return interval. The annualized return using a τ month return interval, Ratio of τ month beta to 1 month beta Size BM β th percentiles of the bootstrapped distribution of the ratio of the betas estimated using τ month returns to those estimated using 1 month returns. The bootstrapped distribution is generated from 10,000 samples constructed by sampling at random with replacement from each monthly cross-sectional vector of historical returns from 1926 to 2009. Panel B reports percentiles of the bootstrapped distribution of the ratio of the annualized average returns using a τ month return interval to the annualized average returns using a 1 month return interval. log( β6,i,t β1,i,t ) = a+b1log(Sizei,t)+b2log(BMi,t)+b3log(Seasonalityi,t)+b4log(1+Analystsi,t)+b5β1+b61β 1 >1 +b7β11β 1 >1 +εi,t β1,i,t (β6,i,t) is estimated using monthly (6-month compounded) returns over the last 5 years (at least 36 observations required). Sizei,t, BMi,t, and Analystsi,t are all normalized by their cross-sectional average at time t. Seasonalityi,t is measured by the average over the past five years of the ratio of the highest quarterly EP S over the average EP S for the year.β1 is the predicted value of β1 using size, book-to-market, book leverage and past 5-year return volatility. 1β 1 >1 is a dummy variable which is equal to 1 ifβ1 is larger than 1. In Panel B the dependent variable is log(
) where β12,i,t is estimated using 12-month compounded) returns over the last 5 years (at least 36 observations required). All standard errors are adjusted for serial correlation using Newey-West with 6 lags. β12,i,t = a + b1log(Sizei,t) + b2log(BMi,t) + b3β1,i,t + b4βsmb,i,t + b4βhml,i,t + εi,t using firm level data for the period 1963-2009. β1,i,t (β12,i,t) is estimated using monthly (12-month compounded) returns over the last 5 years (at least 36 observations required). Sizei,t and BMi,t are normalized by their crosssectional average at time t. 1β 1 >1 is a dummy variable which is equal to 1 if β1 is larger than 1. Panel B reports Fama-MacBeth estimates for the 25 Fama-French Size and Book-to-market portfolios of:
where β12 (β1) is the 12-month (1-month) CAPM β, and βrmrf , βsmb, and βhml are the Fama-French 3-factor βs). 
where R τ m is the τ month return on the market portfolio and R τ j , j = 1, · · · , 25 are the τ month returns on the Fama-French 25 Size and Book-to-market portfolios, and R τ F is the τ month risk free rate. In Panel A the returns are overlapping and, to take account of this the weighting matrix, S, is calculated following Newey-West with number of lags equal to horizon plus 12 months. In Panel B the returns are non-overlapping December to December returns. J which is distributed χ 2 (24) is a test of the over-identifying restrictions. The table reports GMM estimates of the moment conditions (14). The system is estimated assuming the probability of liquidation takes a specific form as explained below using monthly returns on the Fama-French 25 Size and Book-to-market sorted portfolios for the period 1926-2009. The moment condition is E[ 
